Abstract. We are complementing the work of Buchstaber and Terzić by providing an alternative approach to determine the homology of the orbit space of a maximal compact torus action on the Grassmannian Gr(2, C 5 ). Our approach uses the well-known Geometric Invariant Theory of the maximal algebraic torus action on this Grassmannian.
Introduction
We consider the Grassmannian manifold Gr(2, C 5 ), parametrising planes in C 5 , together with the Plücker embedding Gr(2, C 5 ) ֒→ P( 2 C 5 ). The action of the diagonal algebraic torus (C * )
5
C 5 induces an action of the subtorus
on C 5 and an effective action of T C on Gr(2, C 5 ) which embeds T C as a maximal torus in the automorphism group of Gr(2, C 5 ). Via the T C -action on C 5 we also obtain a linearisation of this action T C 2 C 5 . We refer to this linearisation as the standard one. In this paper, we are mainly interested in the induced action of the associated compact torus T = {(t 1 , . . . , t 5 ) ∈ (S 1 ) 5 | t 1 · · · t 5 = 1}.
The quotient Gr(2, C 5 )/T under this torus action is a compact Hausdorff space and the main purpose of this paper is to determine the integral homology groups of this space.
Theorem 1.1. The orbit space Gr(2, C 5 )/T has non-trivial homology groups
The homology groups with coefficients in Z/2Z have been calculated in [BT18, Corollary 12 .17]. These results can be recovered by Theorem 1.1 via the Universal Coefficient Theorem.
For our proof of Theorem 1.1 in Section 5 we will make use of Mumford's Geometric Invariant Theory (GIT) for the T C -action on Gr(2, C 5 ). As it will be discussed in Section 4 the Geometric Invariant Theory of Gr(2, C 5 ) is known to be governed by the birational geometry of the degree-5 del Pezzo surface. For this reason we first review the birational geometry of this surface in Section 3. In this context, the combinatorial structure of a directed chamber decomposition arises naturally. Hence, we start off with introducing this notion in Section 2 and deriving some basic properties.
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Directed chamber decompositions
Consider a polyhedron P contained in a real vector space V . By a chamber decomposition of P we understand a polyhedral subdivision induced by a finite set of affine hyperplanes, i.e. the maximal elements (called chambers) of the polyhedral subdivision are given as the closures of connected components of the complement of the hyperplane arrangement. For a directed chamber decomposition we consider a finite collection of closed affine halfspaces {H + α } α∈A with A being some finite index set and H
Consider a subset J ⊂ A and denote its complement A \ J by J. Assume that the corresponding intersection
of positive and negative halfspaces gives a polyhedron of full dimension. In this situation we define its positive boundary by ∂
has non-empty interior we call it the central chamber of the directed chamber decomposition. Note, that by definition we have ∂P
Lemma 2.1. Consider two chambers P I , P J with J ⊂ I then P I ∩ P J is contained in ∂ + P J .
Proof. By our precondition J \ I is not empty. Consider an α ∈ J \ I. Then P I ∩ P J must be contained in both H + α and H − α . Hence, it is a subset of H α . By definition this implies that P I ∩ P J is a subset of ∂ + P J .
Lemma 2.2. Consider a directed chamber decomposition admitting a central chamber. Then the positive boundary of every other compact chamber is a deformation retract of that chamber.
Proof. Note, that P is itself an intersection of halfspaces. By adding them to the set of positive halfspaces we may assume, that P = V , since the chambers of the original decomposition of P are now a subset of the chambers of the induced decomposition of V . Moreover, without loss of generality we may assume that 0 is an interior point of the intersection α∈A H + α , since by our precondition an interior point exists and we may apply a global translation moving this point into the origin. In the notation above this means that all the b α are negative.
We now consider v ∈ P J . The intersection of P J with the line Rv has to be compact and convex. Hence, we obtain a line segment L(v). Then there is a unique intersection point r(v) := L(v) ∩ ∂ + P J . Indeed, we may assume L(v) = uw, |u| ≥ |w|. Then u ∈ ∂P + J . Indeed, it is clearly a boundary point. Let H α1 , . . . , H α k be its supporting hyperplanes i.e. u αj , u = b αj < 0. Then we have u αj , tu = t u αj , u < b αj for t > 1. Hence, tu ∈ k j=1 H − αj . This implies that α j ∈ J for at least one j ∈ {1, . . . , k}. If not, we would have tu ∈ P J for t sufficiently close to 1. A contradiction to our choice of u. On the other hand, we have u ∈ α∈J H + α , i.e. u α , u ≥ b α < 0 for all α ∈ J, but this implies u α , su > b α for s < 1 and
3. The birational geometry of the del Pezzo surface of degree 5
In this section we review basic facts on the birational geometry of the del Pezzo surface Y = dP 5 of degree 5, most of them can be found in [Dol12, Chapter 8] .
The del Pezzo surface Y can be constructed as the blowup of P 2 in 4 points in general position. Hence, the Picard group Pic(Y ) is a free abelian group of rank 5 with basis [E 1 ], . . . , [E 5 ], where E 5 is the preimage of a line in P 2 not containing the points of the blowup and E 1 , . . . , E 4 are the exceptional divisors of the blowups. The class of the canonical divisor is given by [
The intersection product of curves defines a non-degenerate bilinear form on Pic(Y ), where
The cone of effective divisors Eff(Y ) ⊂ N 1 := Pic(Y ) ⊗ R is spanned by the classes of 10 irreducible rational curves (i.e. they are isomorphic to P 1 ), which we are going to index by two-element subsets {i, j} ⊂ {1, . . . , 5}. Their classes can be expressed in the basis from above as follows. We also consider the polytope P obtained as the cross section 
Here, we have
The construction comes with a contraction map
. In the case of a surface this rational map extends to a morphism. If we choose [D] from the interior of P the corresponding map φ [D] is birational inducing an isomorphism between the complement of the exceptional curves and its image. Moreover, an exceptional curve C ij is contracted to a point under this map if and only if we have [D]·[C ij ] ≤ 0 for the intersection product. Hence, for every exceptional curve C ij we may define two closed halfspaces and its boundary hyperplane
In this way we obtain a directed chamber decomposition of P , where the index set A for the hyperplanes consists of all exceptional curves (or equivalently of all 2-element subsets of {1, . . . , 5}).
is given as the contraction of the curves in J = A \ J.
For some choices of J ⊂ A the intersection P J has lower dimension, i.e. P J does not constitute a chamber. The chambers among the P J correspond exactly to the choice J ⊂ A such that J consists of pairwise disjoint exceptional curves. It is not hard to see from the intersection graph that one can choose at most 4 such curves. The corresponding birational models Y [D] are obtained from Y by blowing down up to 4 curves. In this way we obtian the blowups of P 2 in up to 4 points and additionally P 1 × P 1 . Note, that there is a central chamber In this section we use standard results from the variation of GIT quotients. We refer to [GM87, Hu92, DH98] for details.
The standard linearisation of the torus action on Gr(2, C 5 ) defines a moment map on Gr(2, C 5 ) as follows.
It is easy to see that this map is invariant under the compact torus action. Hence, we obtain an induced mapμ : Gr(2, C 5 )/T → M R and a fibre of this map can be naturally identified with the quotient µ −1 (u)/T . On the other hand, the fibre quotients µ −1 (u)/T are known to be homeomorphic to quotients of Gr(2, C 5 ) by the T C -action in the sense of GIT. In particular, these fibres are homeomorphic to algebraic varieties. The fibreμ −1 (0) equals the GIT quotient corresponding to the standard linearisation.
The GIT quotients Y u :=μ −1 (u) = µ −1 (u)/T are known to vary in a rather well-behaved manner. Namely, there is a polyhedral subdivision Λ of the moment polytope P , such thatμ
Hence, we obtain an inverse system of GIT quotients indexed by the elements of the polyhedral subdivision Λ.
The GIT quotient for the standard linearisation of T C -action on Gr(2, C 5 ) is known to be Y = dP 5 , the del Pezzo surfaces of degree 5. This is shown in [Sko93, Prop. 3.2] . The proof there also shows that the complement of the semi-stable locus has codimension 2. Moreover, the stable and semi-stable locus coincide by Corollary 2.5 loc. u ∈ λ • is a rational. Hence, we obtain well-defined morphisms φ λ : Y → Y λ by setting φ λ = φ Ψ(u,1) . (4) Moreover, the contraction morphisms φ λ are compatible with the inverse system of GIT quotients, i.e. for λ ′ ≺ λ we have
Let us define an equivalence relation
for the unique λ ∈ Λ with u ∈ λ • . Then by [Süß18, Corollary 2.2] we have
For the remaining part of this paper we will utilise this homeomorphism to study the topology of Gr(2, C 5 )/T . From now one we will identify P with its image Ψ(P × {1}) and the polyhedral subdivision Λ with the one induced by the directed chamber decomposition of Section 3. In the following Proposition we merely reformulate the observations from Section 3 in terms of GIT and the mapμ : Gr(2, C 5 )/T → P .
Proposition 4.1. For an element λ ∈ Λ of maximal dimension we have a homeomorphismμ
where Y λ is either P 1 × P 1 or a blowup of P 2 in up to 4 points. Morover, for the facets O i ≺ P we haveμ
For the second type of facets F i ≺ P we haveμ −1 (T i ) ∼ = T i .
The homology groups for Gr(2, C 5 )/T
We consider the chamber decomposition Λ of the hypersimplex P = ∆ 2,5 from Section 3, which parametrises the contractions Y [D] of Y = dP 5 . In Section 4 we have seen that that these contractions coincide with the fibres Y u =μ −1 (u). For i = 1, . . . , 5 we consider the subsets
Now, we set V 0 =μ −1 (∂P ) and
In this way we obtain a filtration of Gr(2, C 5 )/T by closed subspaces. Our strategy to determine the homology groups of V 5 = Gr(2, C 5 )/T is as follows.
(1) In Proposition 5.2 we show that the relative homology groups of the pairs (V 5 , V 4 ) and (V 5 , V 0 ) coincide. Lemma 5.1. For every full dimensional λ ∈ Λ the quotient spaceμ 
Proposition 5.2. The identity on V 5 induces an isomorphism of relative homology groups
is contractible by Lemma 5.1. Hence, we obtain H i (V 5−k−1 , V 5−k ) = 0. Now, the long exact sequence for the triple
Note, that by definition V 4 coincides with the complement ofμ
Lemma 5.3. The homology groups of V 5 /V 4 are given by
Moreover, H 6 (V 5 /V 4 ) is generated by the images of the homomorphisms
where ι ij : C ij ֒→ Y denotes the inclusion of the (−1)-curve C ij .
Proof. The non-trivial homology groups for Y , the blowup of P 2 in four points, are known to be
Moreover, the homology group H 2 (Y ) ∼ = Pic(Y ) is generated by the fundamental classes of the (−1)-curves C ij . Applying the Künneth theorem to products of pairs (
, respectively we obtain the following commutative diagram
Here, the horizontal isomorphisms are just the relative Künneth isomorphisms and the commutativity of the diagram just corresponds to the naturality of these isomorphisms. From the lower row of this diagram we directly conclude
Moreover, the only nontrivial summands in
and
is generated by the images of the homomorphisms
Composing again with the map of pairs
implies our claim.
Lemma 5.3 in combination with Proposition 5.2 provides us with the relative homology groups of the pair (V 5 , V 0 ). Our next aims are to calculate the homology groups of V 0 and then use the long exact sequence of the pair (V 5 , V 0 ) to eventually determine the homology groups of V 5 = Gr(2, C 5 )/T . To study the homology groups of V 0 we follow the approach of [BT18, 12.1] and consider a section s : P → Gr(2, C 5 )/T ofμ. Such a section can be constructed as follows. Fix an element y ∈ Y and set
Note, that V 0 as a closed subset of a compact space is itself compact. Hence, V 0 /s(∂P ) is compact as well. It follows that V 0 /s(∂P ) is the one-point compactification of
, which by the above is homeomorphic
Lemma 5.4 ([BT18, Lem. 29]). The non-trivial homology groups of V 0 are the following
Moreover, the homomorphism
i , induced by the section s and the quotient map V 0 → V 0 /s(∂P ), respectively, are isomorphisms.
Proof. This follows directly from the considerations above, the fact that ∂P is homeomorphic to S 3 and the long exact sequence for the pair (V 0 , s(∂P )).
Proof of Theorem 1.1. The exact homology sequence for the pair V 0 ⊂ V 5 together with Proposition 5.2 and Lemma 5.3 implies H i (V 5 ) = 0 for i = 1, 2, 7, 8. Moreover, we obtain the exact sequences
Now by Lemma 5.5, below, the inclusion ι : V 0 ֒→ V 5 induces the trivial homomorphism H 3 (V 0 ) → H 3 (V 5 ). It follows from the exactness of (3) that H 3 (V 5 ) = 0 and that the central homomorphisms in (3) is an isomorphism and eventually that H 4 (V 5 ) = 0. We will show later in Proposition 5.9 that the co-kernel of the connecting homomorphism ∂ 6 : H 6 (V 5 , V 0 ) → H 5 (V 0 ) is Z/2Z. Then the exactness of (4) implies H 5 (V 5 ) ∼ = Z/2Z and H 6 (V 5 ) = 0. It follows that ι * : H 3 (V 0 ) → H 3 (V 5 ) must be trivial, as H 3 (P ) = 0.
In the following for a product Q×Z and F ⊂ Q we define an equivalence relation as follows. For u ∈ F we have (u, z)
With this notation we have the following technical lemma Lemma 5.6. Let H + = R k−1 ×R ≥0 be a closed halfspace with boundary hyperplane
∼ with the boundary sphere S k+m−1 .
Proof. The map
∼ with the boundary sphere. Here, for u ∈ R k−1 × R we denote by u 1 and u 2 the projection to the first and second factor, respectively.
For every exceptional curve C ij ∼ = P 1 ∼ = S 2 we consider the polytopes P ij = H + ij ∩ P and its facet F ij = P ∩ H ij . Then the curve C ij does not get contracted under the map Y → Y u for u ∈ P 
The pair (P ij , F ij ) is homeomorphic to the pair (D + , S + ) in Lemma 5.6. Hence, by that Lemma we conclude that D
∼ is homeomorphic to the closed disc D 6 , where the boundary S 5 ⊂ D 6 is being identified with the sphere
ij is send to C ij ∩ V 0 via this map. Hence the Ψ ij are maps of pairs (D 6 ij , S 5 ij ) → (V 5 , V 0 ). These maps induce homomorphisms between the corresponding long exact sequences fitting into the following commutative diagram.
(5) By Proposition 5.2 we see that in the induced diagram on the level of homology we have isomorphisms in the bottom row. In the top row we have at least an isomorphism for H 6 by Lemma 5.7 as (P + )
ij is an open subset which gets mapped homeomorphically onto it image in (P + × C ij )/(∂P + × C ij ). By Lemma 5.3 we know that H 6 (V 5 /V 4 ) is generated by images of the homology groups H 6 ((P + × C ij )/(∂P + × C ij )). By the commutativity of the diagram we see that the images of the groups H 6 (D Proof. Recall how the map ∂ 6 is constructed. A relative cycle of the pair (V 5 , V 0 ) is just mapped to its boundary, which by definition lies in V 0 . In our case we consider the cycles Ψ
